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Abstract 



We consider giant gravitons on the maximally supersjnumetric plane-wave background 
^ . of type IIB string theory. Fixing the light-cone gauge, we deduce the low energy effective 
• light-cone Hamiltonian of the three-sphere giant graviton. At first order, this is a U{1) 
gauge theory on M x 5^. We place sources in this effective gauge theory. Although non- 
vanishing net electric charge configurations are disallowed by Gauss' law, electric dipoles 
can be formed. From the string theory point of view these dipoles can be understood as 
open strings piercing the three-sphere, generalizing the usual Blons to the giant gravitons 
(BIGGons). Our results can be used to give a two dimensional (worldsheet) description of 
giant gravitons, similar to Polchinski's description for the usual D-branes, in agreement with 



the discussions of hep-th/0204196| 



1 Introduction 



Giant gravitons P] were first discussed in the context of m — 2-branes moving on tlie spliere 
in an AdSn x 5*™ background, wfiere it was observed tliat sucli particles blow up inside S"^, 
losing their point-like structure, and where their size was related to their angular momentum. 
In fact they are branes which couple to background form fields as dipoles, in contrast to the 
manner in which flat branes couple to form fields; they carry zero net form field charge, 
but a non- vanishing dipole moment. It is this dipole coupling that is responsible for their 
blowing up. In the AdS^ x background, they are three dimensional branes. Initial interest 
in these objects arose from their connection to non-commutative physics, and the scaling of 
their size with angular momentum was recognized as a hallmark of non-commutativity. The 
giant gravitons preserve the same supercharges as the graviton multiplet j2], and are 1/2 
BPS, forming short representations of the superalgebra. 

Giant gravitons which expand into the AdS part of the space-time have also been con- 
structed, and they carry the same quantum numbers as sphere giant gravitons jSEI- The 
vibration spectrum of small fluctuations for giant gravitons which have expanded in either 
the AdS or the sphere directions have been studied jl], where it was found that the masses 
were independent of the radius and angular momentum of the giant graviton, depending 
only on the curvature scale of the background. 

BPS solutions of type IIB supergravity describing giant gravitons carrying angular mo- 
mentum along the sphere are available j3] , and collections of giant gravitons act as external 
sources which give rise to extremal limits of charged black holes (superstars), where the 
horizon coincides with the singularity (which is hence naked) in the AdS component of the 
space-time. Solutions of eleven dimensional supergravity (again BPS) characterizing giant 
gravitons on x S"^ and AdS^ x S*^ appeared in [HI, where they also found to contain 

naked singularities, sourced by giant gravitons interpreted as spherical M2 and M5 branes. 

The AdS /C FT duality suggests that giant gravitons should correspond to some operators 
in a dual conformal field theory, where these operators are chiral primary. The dual operators 
(for both sphere and AdS giants) have been constructed [1101311011111, and some correlation 
functions have also been computed. The sphere giant gravitons correspond to operators 
constructed from determinants and sub-determinants of the scalar fields in the !N" = 4 super 
Yang-Mills theory (e.g. see footnote |3)) . The determinants are associated with maximum 
size giant gravitons, carrying the maximum angular momentum on the S^. Similarly there 
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have been proposals for the operators dual to giant gravitons inside AdS |S]. 

A new maximally supersymmetric type IIB supergravity solution ("the" plane- wave), 
arising as the Penrose limit of AdS^ x has attracted much interest in the literature, 

largely because of its connection to the AdS/ C FT duality [THj, and the fact that the Green- 
Schwarz superstring action, in light-cone gauge, is exactly solvable [HI HH]. This Plane- 
wave/super- Yang-Mills duality is a specification of the usual AdS /C FT correspondence in 
the Penrose limit; it states that strings on a plane- wave background are dual to a particular 
large R-charge sector of !N = 4, D = A superconformal U{N) gauge theory.^ The study of 
giant gravitons was then extended from AdS^ x S^ to the plane-wave, and interesting issues 
stemming from the nature of the dual operators were addressed Ej , in particular the 
question of open strings in the dual gauge theory. 

In a different line of pursuit, Callan and Maldacena & Gibbons fHl considered the 
low energy effective theory for a single brane, which gives rise via the Dirac-Born-Infeld 
action, to a U{1) gauge theory, and showed that electric point charges could be interpreted 
as end-points of fundamental strings ending on the brane, and the dual magnetic charges 
as D-strings similarly ending on the brane. They demonstrated the profile these strings 
took and showed that they are in fact BPS solutions. These BPS solutions of the linearized 
(Maxwell) equations match the solutions of the full non-linear Born-Infeld theory equations, 
hence called Blons. A similar setup was argued to hold for other BPS brane junctions, giving 
a characterization in terms of local configurations of fields in the effective description of the 
brane in terms of a gauge theory. 

We study giant gravitons on the plane- wave appearing as the Penrose limit of AdS^ x S^, 
with a particular focus on the behaviour of charges in the worldvolume gauge theory and their 
interpretation in terms of open strings. We find solutions which generalize the usual Blons 
to giant gravitons, allowing an open string world-sheet description of such giant gravitons. 
The outline of our paper follows: In section |21 we present the low energy effective theory 
describing giant gravitons on the plane-wave, working in light-cone gauge. We find two 
zero-energy configurations (vacua), corresponding to a zero-size giant graviton and one of 
finite size, with radius given in terms of the string coupling Qs, the light-cone momentum 
p"*", and a scale fi for measuring energies. We then analyze the spectrum of fluctuations, 
writing their eigenfrequencies and eigenmodes. We find agreement between the physical 
modes and those of 3\f = 4 super- Yang-Mills on M x 5*^. Higher order corrections are studied, 

"'^A review can be found in |16| . 
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extracting the effective coupling of the theory, and the relation of this coupling to the dual 
BMN gauge theory parameters is discussed. In section El we analyze the behaviour of 
the worldvolume theory when gauge fields are turned on, presenting the spectrum of the 
gauge field. In section IH we turn our attention to the Blon solutions on giant gravitons 
(BIGGons), explicitly solving for the scalar and gauge field configurations, and interpret 
them via energy considerations as fundamental strings piercing the giant gravitons. The 
supersymmetry and stability of the configurations is also addressed. In a final section, we 
summarize our conclusions and outline possible future directions for pursuit. An appendix 
is included, summarizing the harmonics which appear in the main body of the paper. 



2 Giant Gravitons in the Plane- Wave Background 

In this section we focus on the 3 + 1 dimensional Dirac-Born-Infeld action in the plane- 
wave background. First we note that due to symmetries of the plane-wave background, in 
particular translational symmetry along the light-like directions and x~ ^H] (similar to 
the case of strings on the same background fixing the light-cone gauge will simplify 

considerably the action. The zero energy solutions to the light-cone Hamiltonian in the 
sector with light-cone momentum /ip"^ is a sphere of radius = fJ^p'^Qs- This sphere is 
a giant graviton [1 . It is worth noting that fixing the light-cone gauge, in the language 
of rotating (orbiting) branes of jHEj, corresponds to going to the rest frame of the giant 
graviton. 

We also study fluctuation modes of the giant gravitons by expanding the light-cone Hamil- 
tonian about the zero energy solutions. The frequencies of these modes, as in the case of 
giant gravitons on the AdS^ x background are independent of their radius. We next 
turn on the fermions and work out the full fermionic terms of the light-cone Hamiltonian 
and the frequencies of their small fluctuations. We also briefly discuss higher order inter- 
action terms in the Hamiltonian and the fact that they may be analyzed in a systematic 
perturbation expansion with the effective coupling g^ff ()2.4()j) . 

2.1 Low energy effective dynamics in light-cone gauge 

The low energy effective action for a D-brane is 

S = Sdbi + Scs , (2.1) 
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with the Dirac-Born-Infeld action 

Sdbi = -Tp J (F^\ e-<^ ^-det {G f,, + B f,, + Ff,o) , (2.2) 

where hatted Greek indices are used for the worldvolume coordinates ranging from zero 
to p. We have set 27ra' = 1; factors of a' can be reintroduced on dimensional grounds 
when necessary. We will consider D3-branes, for which p = 3 and the dilaton background is 
constant, in which case gs = e'^. We first consider the case where, in addition to the constant 
dilaton, only the metric is turned on, and drop (consistently) the other forms. The gauge 
field F^p, however, would be considered in sectional Our metric conventions are those of 
Polchinski jSHI; we work with a mostly plus metric for the worldvolume and target space. 
Note that the physical tension for this D-brane is Tp/gg. The Chern-Simons term describing 
the coupling to the background RR four form is 

Scs = qjc,, (2.3) 

with q the charge of the brane. For BPS configurations the charge and tension are equal. 
Gfio is the pullback of the space-time metric onto the worldvolume of the brane, and C4 is 
the pullback of the RR four-form. They are given by 

Gf,, = di^x^da^g^.. (2.4) 

and 

C4 = ^ {df.,X^- ■ ■ ■ d^,X^^ C,,...,,) dC- A ■ ■ ■ A dC^ . (2.5) 

The X^ give the embedding coordinates of the brane in the target space-time, i.e. fi = 
0, ■ ■ ■ ,9, and C'^ are local coordinates on the brane worldvolume. Cfj,^,,,^^ is the space-time 
RR four- form coupling to the worldvolume. 

We are working in a background specified by the maximally supersymmetric type JIB 
plane- wave (here we will follow the notation and conventions of |16j ) 

ds'^ = -2dx+dx- - fi'^ix'x' + x^x''){dx+f + dx'dx' + dx^dx"" , (2.6a) 
4 4 

F+ijkl = — A* ^ijkl 5 F+abcd = — ^abcd ■ (2.6b) 

9s 9s 
From ()2.6b ) it is easy to read off the RR four-form potential C, as F = dG , and we have 

C-\^ijk = ^ijklX , Cj^abc = ^abcdX , (2.7) 

9s 9s 
which has the virtue of maintaining the translational symmetry along x^ . We have chosen 
our coordinates to make manifest the SO {A) x SO {A) symmetry of the transverse directions. 
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labeling the two 5'0(4)'s with i,j = 1,2,3,4; a,b,c,d = 5,6,7,8. For a more detailed 
discussion on the isometries of the background we refer the reader to jl6j . 

We separate the space and time indices on the brane worldvolume as ( = {t = a^,a^), 
with p,q,r = 1, 2, 3, the space indices. We will fix the light-cone gauge, setting 

X+ = T. (2.8) 

In order to ensure that the above solution for is maintained by the dynamics, we should 
use a part of the gauge symmetries of the DBI action, which are the area preserving diffeo- 
morphisms on the brane worldvolume, to set 

Gor = -drX- + drX^drX^ = . (2.9) 

We have used upper-case indices to denote all eight transverse coordinates, where / = {i, a) = 
1,2,--- ,8. 

Next we note that the background ()2.6p is X~ independent, (it is a cyclic coordinate), 
and hence the momentum conjugate to X~ , the light-cone momentum p"*", is a constant of 
motion: 

ddrX~ Qs 

= (2.10) 

9s V Goo 

To obtain ()2.1Up we have used the fact that Gor = implies G'^^ = I/Gqo- The light-cone 
Hamiltonian P~ (i.e. momentum conjugate to X^) is then found to be 

P- = -j^j-^ = G°°v/^dirG(9.X- + fi^X'x') - -e'P'C+jjKdrX'dpX'd.X'' 

ddrX+ Qs 6 

= p^{drX- + ^i^X'X') - ^-t'^'G+UKdrX'dj,X'dsX''. (2.11) 

Using ()2.1Up we can solve Goo and hence drX^ for p"*" and det Grs'- 

Goo = -29.x- - fi'X'X' + drX'd^X' = . (2.12) 

Inserting drX~ from (|2.12j) into the light-cone Hamiltonian and noting that the momenta 
conjugate to X^ are 
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we obtain the light-cone Hamiltonian density 

1 



where 



Hi.c. = T^P'P' + V{X\ X") , (2.14) 
2p+ 



V,„o ,,o. 1 



V{X\X^) = ^[Xt + Xl) + ——detGrs 



2 ' ' - 2p+g, 



- —( e'^^^XHX\X^, X'} + e«*'='^xnx^ X\ X^}) . (2.15) 



In the above, 



Grs = drX'dsX' + drX^'dsX'' , 
and the brackets are "Nambu brackets" defined as 

{F, G, K} = eP'^^dpFdgGdrK , (2.16) 

where the antisymmetrization is with respect to worldvolume coordinates. It is worth noting 
that as a result of light-cone gauge fixing the square-root in the DBI action has disappeared 
(see fj2.15|) ). This will help us perform a more detailed analysis of the light-cone Hamiltonian. 
We should also keep in mind that in the light-cone gauge, drX~ are totally determined in 
terms of X^ through ()2.9|1 . i.e. 

-PidrX^ + p-^drX- ^ , (2.17) 

where ~ is the "weak" equality, meaning that ()2.17|1 should hold on the solutions of the 
equations of motion of the light-cone Hamiltonian. 



2.2 Zero energy configurations 

We now search for classical minima of the light-cone Hamiltonian, and expand the potential 
V^(X*,X") around these vacua to find the spectrum of small fiuctuations about the vacua. 
First we note that if we set X" = 0, then 

det Grs = det{drX'dsX') = ^{X\ X\ X^}{X:\ X'\ X^} , (2.18) 

and hence the potential becomes a perfect square 

V{X\ X'^ = 0) = ^ (^/ip+X^ - ^^e^MX\ X\ X']^ . (2.19) 
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The above potential has a minimum at 

^ip^gst,,uX' = {X\ X\ X^} . (2.20) 

Eq. ()2.2()|l has two solutions, one is the "trivial" vacuum, X* = 0, and the other one is a 
three-sphere of radius i?, where^ |EI 

= fxp^gs (2.21) 

In other words if we set 

4 

X^ = Rx\ $^a;,^ = l, (2.22) 

i=l 

it is easy to check that eijkix'' = {x\x^,x^}. This three sphere is a giant graviton. 

Both of these vacua are zero energy configurations. We could have easily found another 
minimum (zero energy configuration) corresponding to a three sphere grown in the X" direc- 
tions sitting at X* = 0. Note also that both of these vacua are 1/2 BPS; they annihilate all 
the dynamical supercharges of the background. In other words, all the fermionic generators 
of the PSU{2\2) x PSU{2\2) x f/(l) superalgebra would kill these states.^ 



2.3 Spectrum about the vacua 

We now study the spectrum of small fluctuations about these vacua. To do so, we expand 
the theory about the vacua to second order in fluctuations. 

2.3.1 Spectrum about X = vacuum 

In this case the detGrs and the bracket terms would not contribute to the quadratic Hamil- 
tonian; they appear in the interactions, and the quadratic parts of the Hamiltonian are 

hSIo = ^P^P^ + ^PaPa + + ^X^ . (2.23) 



^Note that all lengths are measured in units of the string scale a' . Recovering the a'-factors, we have 

•^Although both of these vacua are BPS, it has been argued that the X = Q vacuum might be unstable 
under certain quantum corrections ^ 0] ■ These arguments were finally confirmed for the case of spherical 
membranes and fivebranes in M-theory in a detailed analysis of the Matrix theory describing M-theory on the 
maximally supersymmetric eleven dimensional plane-wave background, the BMN matrix theory. It has been 
shown that the X ~ Q vacuum for the membrane/fivebrane case is in fact a finite size fivebrane/membrane 
|21| . For the case of spherical three-branes, to the authors' knowledge the issue is not yet fully answered. 
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Therefore, there are eight modes, all with frequency /i, that is the modes are particles of 
mass fi. Of course for a generic low energy state one may excite many of these modes. 



2.3.2 Spectrum about the three-sphere vacuum 

If we parameterize the small fluctuations in the X* directions by F*, i.e. X* = Rx^ + Y^, the 
quadratic Hamiltonian becomes 

+ ^ + |^3,.Y»5..Y<'i,;') , (2,24) 

where Qq'^ is the inverse of the metric on a unit three-sphere. The bracket can be used to 
obtain generators of SO {4) rotations along the three-sphere, explicitly: 

= {xjdi - Xidj)<^ = -^eijkiix'', a;', $} . (2.25) 
In terms of Lij the Hamiltonian takes a simple form 

H^xIr = ^P^Pr + i^PaPa + \^^'p^{Y^ + L,,Y=f + ^/iV(X,^ " ^X'^L.^X^^X^) . (2.26) 
The normal modes for the directions about this vacuum satisfy the eigenvalue equation 

with masses given by 

= /i^ (1 + A)^ . (2.27) 
The eigenvectors are vector spherical harmonics of the form 

Yi = Sii,...i^x'^ ■■■x'' , l>0 (2.28a) 

Yl = x^S,,....,_, x'^--- x''-^ - -^Su,....,_,x'^ ■ ■ ■ x'^-- , / > 1, (2.28b) 

where 5* and 5* are symmetric traceless 5*0(4) tensors. The eigenvectors ()2.28b ..b) correspond 
to the eigenvalues A = /, — (Z + 2), respectively. Both of these modes, although in different 
5*0(4) representations, would have the same mass: 

Mi = /i(/ + l). (2.29) 



8 



Physically these two modes correspond to geometric fluctuations of the brane in the radial 
directions. 

Of the modes describing the flve directions X~ , y*, there remain three zero modes 

Yi = A^^...,^ x'^ ■ ■ ■ x"^ />1, (2.30) 

where A is symmetric in all lower indices and antisymmetric in the first upper and first lower 
index (and hence XiF/ = for any I). These eigenvectors are associated with the eigenvalue 
A = — 1. These zero modes are not physical and correspond to gauge degrees of freedom 
associated with the shape preserving diffeomorphisms on the three-sphere. 

The masses for X" fiuctuations can be easily obtained, noting that the eigenvalues for the 
5*0(4) Casimir L^, are —2l{l + 2), with the corresponding X" 

X^ = Sl..,^x^^---x\ l>0. (2.31) 

The masses are 

= /i2[/(/ + 2) + 1] = fi^l + If . (2.32) 

As we see, all the modes, F^'s and X"'s, have the same mass. This is a direct result of 

the supersymmetry algebra of this background, which as discussed in jTHj is PSU{2\2) x 

PSU{2\2) X f/(l), and the fact that the light-cone Hamiltonian commutes with the super- 

charg result all the states in the same supermultiplet should have the same mass. 

This is in contrast with the eleven dimensional plane- wave superalgebra j22]-^ 

^The X' = vacuum, being a 1/2 BPS state, should, in the dual 3V = 4, £) = 4 gauge theory, 
be represented by a chiral primary operator. And in our case, since we are working in the plane-wave 
background, it should be a BMN ^31 type operator. The corresponding operators have been introduced 
and studied in |Z| El ^| Let Zj, i,j = 1, 2, • • • ,N, be one of the three complex scalar fields of an 
?vf = 4, D = 4, U{N) gauge theory (for more on conventions and notations see jl^i)- Then [Jj 

is the operator dual to a giant graviton grown in the direction (the normalization factor !Nj = ^''^~|"^'*' is 
chosen so that {Ofof) = 1). 

^ Jl ^*.(l)^V(2) ■■■'^i.(j) ' 

with §,/ being the permutation group of length J, is proposed to describe giant gravitons grown in the AdS 
directions [S]. Note that in the plane- wave case (after the Penrose limit) the two giant gravitons grown in 
and in AdS essentially become indistinguishable. 



9 



2.3.3 Fermionic modes 



For completeness we also work out the spectrum of fluctuations for the fermionic modes about 
both vacua. The fermionic contributions to the DBI and CS parts of the action can be found 
using superspace coset techniques which make the superalgebra manifest (see for example 
|23j . and ^2], and also [211 El] for a similar treatment for the case of the membrane and 
fivebrane on the eleven dimensional maximally supersymmetric plane- wave). After flxing k 
symmetry in light-cone gauge [23] , the new contributions to the potential in the Hamiltonian 
are quadratic in the fermions, and are given by 



(2.34) 



P 9s \ 

We have chosen to decompose the 5*0(4) x 5*0(4) fermions in terms of representations of 
the two 5'[/(2)'s appearing in each 5*0(4), following the notation of JH]; making manifest 
the fermion representations under the P5?7(2|2) x P5'?7(2|2) part of the superalgebra of the 
maximally supersymmetric plane-wave we are considering. The explicit mass terms in 
for the fermions come from a shift in Grr arising from fermionic contributions to the super- 
vielbein and the terms involving Nambu brackets from the Chern-Simons terms. Following 
the notation of ^Hj, the fermions ip are spinors of two different SU{2)'s, one coming from 
the decomposition of each of the two 50(4)'s into 5f/(2) x 5f/(2); in other words, above 
carries two spinor indices (sitting in the same chirality representations). More details on our 
spinor conventions can be found in j^. Note that in the potential ()2.34|) . the two sets of 
fermions with dotted and undotted indices do not couple to each other. 

Expanding the potential around the three-sphere solution, setting X* = and X°- = 0, 



Using the above operators one may construct the dual gauge theory operators corresponding to the fluc- 
tuation modes of the giant graviton we have studied here. This can be done by insertion of "impurities" 
in the sequence of Z's, much like what has been done in 13^ for strings. For example, if (jja, a = 1,2,3,4 
denote the other four scalars of the }sf = 4, D = A gauge multiplet, then the dual gauge theory operators for 
1^0,1 states of (P3T|) are P [TT] 

(0-^! = ! _ \ . fhj2---]J + 2kj + 3---kN (J^ayi ^712 rv'h _ Ixb^^i _ ^ y-ij + 2 

- ■'^J+a 2)!(7V _ J _ 2)! " ^^'iih'^h hi ^3.1+2- 

Clearly these operators have A — J = 1,2, respectively. Similarly, one may construct higher I excitations by 
more insertions of (i)'s. 
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the quadratic part of the potential ()2.34|) becomes, after using ()2.2H) and ()2.25p 



The spectrum of small fluctuations around this vacuum is given by solutions of the eigenvalue 
equation 

eij'^\a'^)jLkiiJp = \^a, (2.36) 

with similar equations for the other modes. We have for clarity suppressed one of the indices 
since it is a bystander in the eigenvalue equation. 

The frequencies (masses) are then given by 

cj = /i|l-A|, (2.37) 

where A is the eigenvalue corresponding to the excitation mode. The eigenfunctions and 
corresponding eigenvalues (suppressing the inactive spinor index) are 

= {I Ooa,..M + (^ + 2)e*^^''V)/^/3j^2...0 x^'-'-x^' A = / + 2 , 

where / > and ^, carrying the spinorial index, forms a totally symmetric traceless rep- 
resentation of 5*0(4) in the indices . . . Therefore both ipl^ and ipl^ excitations 
have the same mass, |a;|, equal to + 1). As it is clear from ()2.35p . fermions t/'^^ 
would also have the same mass. Hence all the bosonic and fermionic excitations about the 
X* = vacuum {Y^, F/, X"; t/^^^, t/^^^, ip'-^^, ?/;^^) have the same mass, as expected from the 
PSU{2\2) X PSU{2\2) X f/(l) superalgebra, and fall into the same supermultiplet. However, 
these modes do not complete the multiplet (as there are two more fermions than bosons). 
These two extra bosonic modes correspond to a U{1) gauge field living on the giant graviton; 
we will come back to this point in section l3?Tl 

The frequencies of small perturbations around the zero size giant graviton are simply 

given by arising from the explicit mass term in the potential. The masses are then the 

^It is straightforward but tedious to check that these are indeed eigenfunctions of H2.86|l . making use of 
the identity 
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same as the bosonic spectrum. In the X = vacuum, as opposed to the spherical vacuum, 
the number of scalar and fermionic excitations are both eight, i.e. there are no gauge field 
modes. 

Finally we would like to point out that, although we do not explicitly show it here, all the 
modes, about both vacua, fall into a BPS (short) muhiplet of the PSU {2\2) x PSU {2\2) x 
f/(l) superalgebra. A study of representation theory of this superalgebra is an interesting 
open problem in need of a thorough analysis. 



2.4 Interaction terms 



So far we have only considered the quadratic terms around each of the two vacua. One may 
study the theory perturbatively about the spherical or X = solution. The purpose of this 
section is to find the effective coupling about these vacua and discuss under what conditions 
the expansion around these vacua can be trusted. 

Let us first consider the spherical vacuum. Expanding ()2.14j) about the X* = Rx^ solution, 
we obtain the interaction terms which are from cubic up to sixth order in fiuctuations 
or X°. In order to read the coupling constant, however, we should redefine (rescale) the 
fiuctuations so that the quadratic part of the Hamiltonian takes the standard canonically 
normalized form of hjjjia\ai, where a\ is the corresponding creation operator and tu; is the 
mass of the mode, which in our case is + 1). For this we need to rescale and X" as 

Y\ X'^ -^=y\ . (2.39) 

As can be seen from fl2.34|l . for the fermions no rescaling is needed. It is straightforward to 
see that the cubic term is suppressed by a factor of Qeffi and likewise terms of order n in 



fields are accompanied by a factor of g^r^, where 



(Note that energy is measured in units of fi and hence one should take out a factor of fi from 
the potential. This can be done systematically if we scale time with 1/fi.) 

One might rewrite gejf in terms of the BMN gauge theory parameters, J, N and Qym^ 
where ^H] 

1 _ g^^N _J^ 



92 = ^ 
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Then = \f)^g2 and g^^^ = l/g2- Noting that g2 is the genus counting parameter for 
strings on plane-waves, ()2.40|) suggests that our giant graviton theory is somehow S-dual to 
string theory on the plane-wave.^ 

One may repeat the same analysis for the X = vacuum, for which we should use the 
same scaling as above and hence we again end up with the same coupling as ()2.4()|1 . We 
caution that the above coupling should be thought of as a "bare" coupling and in a properly 
quantized system this coupling may be dressed with some other factors of /ip^ and also this 
dressing factor can be different for different vacua. In this respect the situation is quite 
similar to the membrane case which was analyzed in detail in [24 . However, in our case we 
do not know how to quantize the Nambu brackets. 



3 Gauge Theory on Giant Gravitons 

We are now ready to include the contribution from the gauge fields on the brane. The analysis 
of section 121 is modified slightly in this case when Fj^o = {dAjf^c is turned on. The equations 
giving the metric on the brane as the pullback of the plane-wave space-time metric are of 
course unaffected, but the determinant appearing in the DBI action receives contributions 
from the gauge field strength. We write 

where as before, Gf^c, is the pullback of the space-time metric given by equation (j2.4p . As a 
part of the light-cone gauge fixing, as we did in section 12.11 we set Gor = and hence 

MdO = Coo ) = -for = — -^rO = , M^s = Grs + F^g , (3-1) 

where Er is the electric field and Gqo is still given by (j2.12p . The Chern-Simons terms 
and also the fermionic contributions ()2.34|) are unaffected by the appearance of the gauge 
fields. The contribution of the gauge field to the momentum conjugate to X~ results in a 
modification of ()2.1()|1 . as 

p+ = -—M^^V-detM, (3.2) 
9s 

^It is interesting to note that the three point function of Oj H2.33(l is given by ^Jj 

{ofofjOfi^yj) ~ e-ff^'-(i-'-)/2 ^ e^fef , (2.41) 

where < r < 1 and by ~ we mean that the result is presented after the BMN hmit, i.e. J, N ^ oo 
and J'^/N — fixed. (|2.41|l shows that the above three point function corresponds to tunnchng between two 
different giant graviton states which is a non-perturbative (instanton) effect in the giant graviton theory. 
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but now 7^ I/Mqo because of the off-diagonal electric field appearing in Ma^; it becomes 



fOO (Grs ~l~ 



M"^ = ' . (3.3) 

detM ^ ^ 

The determinant appearing in the action is also modified 

det M = (det {Grs + i^r.)) (Goo + ErC'E^) . (3.4) 
Using ()3.2p . we can write 

1 l"^ NO '''^^ = Goo + ErG^'^Es . (3.5) 

The expression for the momentum conjugate to (the light-cone Hamiltonian) remains as 
in (|2.1ip . but with p+ now given by (|3.2|) . i.e. 

P = p+ (drX~ + fl^X'X') - le'P'G+ijKdrX'dpX-'dsX''. 

o 

The momenta conjug ate to X^ pT3|) are unaffected. We can solve for dX in terms of X 
and their conjugate momenta Pj, and also Er and Frs, using ()3.2|) . ()3.3|) and ()3.5|) . Since the 
computations are very similar to those of section ITT) we do not repeat them here. Gathering 
all the terms, the total light-cone Hamiltonian density becomes 

Jiic=^ + -/iV^f + -^-^det (Grs + Frs) + -p+ErG^'Es 

2p+ 2^^ ^ 2p+gl ^ ' 2^ .ORX 

+ U^^^X'{X\X\ X'} + e^''^'^X''{X\ X\ X'^}\. 
^9s ^ ' 



3.1 Spectrum of small fluctuations of the gauge fleld 

From ()3.6p it is readily seen that X = and X' = (and of course together with 
Er = Frs = 0) are still the only zero energy configurations. Then one may expand the 
theory about each of these vacua. The spectrum of X*, X" modes is the same as those we 
studied in section 12.31 (This statement is also true for fermionic modes. In fact one can 
show that the full supersymmetric version of the Hamiltonian ()3.6|) is obtained by adding 
()2.34|) to ()3.6p . This in particular means that fermions do not directly couple to gauge fields. 
The latter could be understood by noting that we are only dealing with a f/(l) gauge theory 
where fermions sit in the adjoint representation, i.e. they are neutral.) 

For the X = vacuum, there are no gauge field contributions, because the gauge field 
terms only appear in quartic or higher powers. For example the induced metric Grs is second 
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order in X fluctuations and hence the E^G^^Eg term is at least quartic. This is compatible 
with our earlier discussions in section 12.3.31 that the fluctuations of X*'s, X"'s and the 
corresponding fermionic modes, complete a PSU {2\2) x PSU{2\2) x f/(l) (short) multiplet. 
In this case, gauge flelds only couple to "scalar" bosonic modes with the "bare" coupling 
given by (jnUj) . 

As for the X* = vacuum, expanding ()3.6|) up to second order in all fluctuations we 
obtain 

= H^. + [Ergl'E, + li'^BrQl^B,) , (3.7) 

where Hi J is given in ()2.14j) . g^^^ is the (inverse) metric on the unit three-sphere and 
g^Bp = e^'^^Fqs is the magnetic fleld. It is worth noting that (plus ()2.34|) ) is ex- 

actly the Hamiltonian for an !N" = 4 U{1) gauge theory on M x 5^ (the latter action may be 
found in j2n|)- Among the flelds in the four dimensional !N" = 4 gauge multiplet the gauge 
fleld, four scalars, the X" modes, and 8 fermions (which are in the correct representation, 
e.g. see ^Hl) are explicit. The other two scalar modes, however, are a combination of Y^'s. 
Although the explicit expressions deflning these two scalars in terms of F^'s is not so simple, 
as we discussed in section 1^.3. 21 F*'s only contain two physical modes, with the masses equal 
to the other four scalar, modes, and also the fermions. Moreover, the above argument 
would imply that the SO {4) symmetry rotating X'^'s among each other, can be generalized 
to 5*0(6) including these other two scalar modes, giving rise to the full i?-symmetry group 
of the ?\r = 4 gauge theory. 

In the same manner that we argued that the fluctuation modes of section 1^ . 3 . 21 complete a 
PSU{2\2) X PSU{2\2) X f/(l) multiplet, we should also work out the spectrum of the gauge 
flelds, i.e. photons, on the three-sphere, and show that the two polarizations of the photon 
have the same "mass" as the fermions and scalars. Let us start with the equation of motion 
for the gauge fleld, A^: 

(^?A^V^-^(VaV, + VpV^)) A' = 0. 

We choose to work in Coulomb gauge, i.e. Aq = 0, VfiA^ = 07 Next we note that Vr 
and the gradient on the unit three-sphere do not commute. In fact they commute to the 
Riemann tensor. For a unit sphere Rrs = 2 g^s, where Rrs is the Ricci tensor, and we have 

{u^- fi\Vl + 1)) ^ = . (3.8) 

^We would like to point out that working with the light-cone gauge in the bulk, as we have done here, 
does not necessarily imply that for the worldvolume gauge theory we have also fixed the same gauge. In fact 
these are two independent gauge symmetries and the U{1) gauge theory should be fixed separately. 
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If we take A,, to be in the spin / representation of 5*0(4), i.e. V'^Al = /(/ + 2)A',, the spectrum 
of the two photon polarizations is obtained to be 



As we see the "mass" for photons has a purely geometric origin. (The same is also true 
for fermions). This is in contrast with that of scalars, where we have an explicit mass 
term. Equation as we expected from the superalgebra arguments, leads exactly to the 

same spectrum as scalars and fermions. These two photon modes together with the other 
excitations studied in section EiSiH complete a multiplet of the PSU{2\2) x PSU{2\2) x f/(l) 
algebra. 

4 BIGGons: Blons on Giant Gravitons 

In this section we focus on a U{1) gauge theory on M x S''^ and study static, BPS charge 
configurations. We cannot have non-zero electric net charge (5*^ is compact), however, 
higher-pole configurations are allowed. We study the dipole configurations in some detail. 
Looking for BPS configurations, we are forced to turn on the scalar fields as well. This is 
a direct generalization of Callan-Maldacena [T^ and Gibbons' Blons [TP argument to the 
"compact" branes. These configurations, from the point of view of an observer far away 
in the bulk, have the interpretation of (fundamental) strings piercing the 5*^. The points 
of attachment (the north and south pole of the three-sphere), carry positive and negative 
electric charge. The open strings, locally, can be thought of as Polchinski's open strings 
ending on the brane (giant graviton in our case) with Dirichlet boundary conditions j2ZI- As 
evidence that this configuration is really a string we show that the energy is proportional to 
the distance to the brane (at least for far distances). 

4.1 Solutions 

We would now like to consider placing charges on the giant graviton. We take for the 
embedding coordinates of a unit three-sphere 



UJ = fi{l + 1) 



/ > 1. 



(3.9) 



Xi = sin ijj sin 6 cos (j) 
X2 = sin sin 6 sin (p 
xs = sinip cos 9 
Xi = cosip 



(4.1) 
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with < iIj,6 < TT and < < 27r. The metric on the three-sphere in the coordinate system 
flOl is 

ds'^ = difj'^ + sin^ ipdnl , (4.2) 

with d^ll = {dO"^ + sin^ dcf)"^) the metric on the unit two-sphere, and v^det g = sin^ ip sin 9. 
The Laplacian acting on a scalar field $ is = ^^.tg ^M (Vdet gg'^'^dy^) , which on the 
three-sphere for $'s with only ip dependence becomes 

V2$(V') = -^d^ (sin^ 7/- a^$(^)) , (4.3) 



The three-sphere is compact, and hence the giant graviton cannot support single charges. 
It does, however, support dipoles (as well as higher poles) with vanishing total charge. 
Consider a dipole with two opposite charges placed at the two poles (■?/' = 0, vr). The charge 
density of such a configuration, as seen by the gauge theory, is 

6 {cos 6)6 {(j)) . (4.4) 



6{ij) - 5(^ 



A few words about the normalizations of the fields are in order: The scalar and gauge 
fields appearing in the Hamiltonian ()2.24|) and ()3.7p are not canonically normalized. The 
normalization of the gauge field in ()3.7p is such that the gauge theory action carries an 
overall factor of l/gyM^ where gyM = Pa/^' ^ convenient choice for studying gauge theories 
on curved backgrounds. Canonical normalization of the gauge field can be achieved by taking 
fJ'y/gs^fi- The coupling of the gauge field to the charges in the gauge theory is of the 
form J ■ A, with Jq the charge density p, which carries the same units as the charge Q since 
the angular coordinates are dimensionless. The scalar fields in ()2.24j) . as stated in ()2.39|1 . 
can be normalized canonically by taking X ROeff ^- This is the normalization in which 
the scalar field couples to the sources in the same way as the gauge field, via ()4.4|) . Noting 
that the energy is measured in units of fi (a choice of scale for the time coordinate), we 
find that the charges, as seen from the DBI action ()2.2|1 . are measured in units of p^fgl^ 
so q = Qp^/gli with Q dimensionless. It is the canonical fields (scalar and gauge) that are 
sourced by Q. The fact that the gauge and scalar fields enter the Hamiltonian with different 
scales is an artifact of the choice of relative normalizations of the fields in the DBI action 
()2.2|1 . In fact, the normalizations in the DBI action are chosen to reproduce the correct 
field normalizations in the gauge theory for the case of a fiat background, but in a curved 
background do not reproduce the standard normalizations for a gauge theory coupled to a 
fixed curved metric, as is the case for the SYM theory on M x S*^. We also remind the reader 
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that a' np'^Qs is a dimensionless quantity, so in our units, where we have set a' = l/2n, yup"*" 
and Qeff are both dimensionless. From this point on we shall deal only with canonically 
normalized fields. 

We study the electrostatic problem for the gauge field in a gauge where Aq = A. The 
equation of motion for the gauge field, arising from the quadratic Hamiltonian ()H.7|1 . is simply 
Poisson's equation, which in appropriate units requires V^A = —p. We take as our ansatz a 
field A (■?/') which is a constant along the two angular directions 6, 0. The solution is 

A(V^) = gcotV'. (4.5) 

As in the discussion of jlH], exciting the gauge field alone would not result in a BPS con- 
figuration (supersymmetry implies a relation between the profile of the gauge field and the 
other fields in the !N" = 4 supermultiplet). The solution can be made BPS by turning on a 
non-trivial profile for the scalars, keeping a constant vanishing background fermion field. 

To find the scalar profile, it will prove useful to consider the quadratic part of the Hamilto- 
nian, expanded around the spherical vacuum, restricted to field configurations which depend 
only on the radial direction. The potential for the scalar field describing the radial profile 
can then be written 

K, = 1 ($2 + (V53$)') , (4.6) 

where the square is with respect to the metric on the three-sphere of unit radius. The spikes 
can't go off to infinity in just any direction because of the potential from the plane-wave, 
but they can extend off to infinity along X~ , which can be taken as the radial direction. 

The equation of motion for the field $ in the gauge theory, in the presence of a dipole 
charge configuration is simply 



V|3$ - $ 



Q 



S{ip) + 5{ij - tt) (5(cos 9)5{^). (4.7) 



sin ip 

The right hand side represents the sourcing of the scalar field $ by the charges, as required 
by supersymmetry. The fact that the two sources contribute with the same sign can be seen 
(as we will show below) from requiring that the solutions of these equations, together with 
the electric field, form a BPS configuration. 

The equation of motion for the scalar field ()4.7p is solved by taking (see the Appendix for 
more details) 

^^P) = . (4.8) 
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Measured with respect to the origin in spherical coordinates, the profile of the spike is given 
by i?± $, with R the radius of the giant graviton (see Figure Q). We would like to note that 



Figure 1: Two dipole configurations. The left one has an interpretation of two fundamental 
strings extending off the giant graviton to infinity. The configuration on the right is unstable 
and has no such string interpretation. The sign of the charges are indicated and the arrows 
denote the direction of flux of the electric field. 

in our case the profile of $ and the Coulomb potential A, ()4.8|1 and ()4.5j] are different; this 
should be contrasted with the usual Blon case ^Hl- Near the north pole (with ip ^ 0), the 
solution for the scalar field and gauge field are similar, while at the south pole (■?/' ~ vr), they 
differ by a sign, and for ip away from the poles, each solution interpolates smoothly between 
the solutions in the two regions. The scalar field is blind to the sign of the charges which 
source it, while the gauge field is not. 

The size of the throat, as seen by the DBI action, is Rgejf, the coupling for the canonically 
normalized fields. Explicitly, the solution for the radial direction X is 





(4.9) 
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Interestingly, the corrections to the shape of the strings arising from non-hnearities are 
suppressed relative to the tree-level shape by the same scale that sets the throat size, i.e. 
Qeff- This basically means that the perturbative expansion of the light-cone Hamiltonian 
(up to quadratic order) is a good one as long as the size of the throat is much smaller than 
the giant graviton itself. The non-linearities and interaction terms can in fact modify the 
form of the potential around a given vacuum such that one solution, explicitly the solution 
corresponding to the choice of minus sign in (j4.9p . is destabilized, as happens to the dipole 
solution (diagram on right of Figure^, where the strings enter the interior and meet. The 
energy of this arrangement can be lowered by moving the end-points of the strings closer to 
each other, and the charges at the ends would eventually annihilate, leaving behind a giant 
graviton with no strings attached. For the dipole where the strings extend off to infinity, i.e. 
the solution with plus sign in ()4.9|) . the layout of the strings at opposite ends (the diagram 
on the left of Figure P) is in fact a minimum, and remains so even when the interactions are 
included, with the interactions only modifying the profile of the string at the junction. Higher 




Figure 2: A quadrapole configuration of charges and the associated fundamental strings on 
the giant graviton. 

pole solutions can be analogously constructed (see Figure El for a quadrapole, and Figure El 
for a more general "hedge-hog" configuration). When the coupling is of order the separation 
of the strings attached to the giant graviton, the end-points can meet and the string can 
separate from the giant graviton. From the gauge theory point of view, this corresponds to 
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the charges annihilating each other. For finite couphng (and hence finite throat size), there 
will be a maximum number of strings which can attach to the giant graviton, and hence a 
maximum pole configuration in the gauge theory. The smallest size which can be effectively 
probed by the open strings is set by Qeff, and this leads to fuzziness of the giant gravitons 
in view of an open string probe. 




Figure 3: A generic giant graviton with multiple spikes, suggesting the hedge-hog title. 



One may also consider configurations which are sourced by magnetic dipoles (and higher 
poles). Such configurations correspond to S-dual solutions to the ones considered above, 
where the strings ending on the giant graviton are D-strings. Dyonic configurations with 
both electric and magnetic sources can also be envisioned. More general configurations, 
where several giant gravitons are coincident, can also be constructed, and by analogy to the 
general case of coincident D-branes, would give rise a non-Abelian gauge theory on their 
worldvolume. 
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4.2 Energy 



We would now like to give an interpretation to the spikes we found as solutions of the 
quadratic Hamiltonian in section 14.11 To do so we consider the energy of such a configu- 
ration. To find the energy density, we use the solutions ()4.5|) and ()4.8|) for the gauge field 
configuration and radial profile of the giant graviton in the Hamiltonian density, then inte- 
grate the density to find the total energy. For the dipole, there are two solutions, one for 
which the spike extends off to infinity away from the giant graviton, and one where the spikes 
enter the interior and join (see Figure Q). We consider both configurations. The resultant 
energy £, in units of /i, for the first configuration is 



and the scalar and gauge fields contribute equally to the energy. We have integrated along 
the if) direction from e to 7r/2. The e serves as a cut-off, since the total energy would diverge; 
we are interested in the scaling of this energy with length as the cut-off is removed. The 
7r/2 captures one string (the other string would give an equal contribution). For small e, the 
result scales as 



up to some fixed numerical coefficients. In other words, the energy per unit length is the 
same as the tension of the fundamental string.^ We expect also that the spectrum of small 
fluctuations for the string should reproduce the spectrum of massive modes of the open 
fundamental string in the plane- wave background jH]. 

The profile where the "strings" enter into the interior of the giant graviton is given by 
i? — $, with $ the same as for the outgoing strings, but the range of if) is now restricted 
such that i? — $ is limited to only one "hemisphere" inside the giant graviton. At the lower 
cutoff for ip^ the string joins onto the other string originating at the other charge. In other 
words, smr^^Qeff) < tp < — sm^^^g^ff) and only when the size of the throat is very small 
compared to the size of the giant graviton (i.e. when Qeff ^ 1) this spike can be interpreted 
as a fundamental string. For any finite value of Qeff, the profile never reaches that of a 
fundamental string. 

In any case, as we have already discussed, this configuration is unstable. The dipole 
where the strings run off to infinity is stabilized by the fact that the endpoints of the strings 

^In our units, the string tension T ^ 1. 



£ = 47iQ^ cot e , 



(4.10) 



£ ~ <l>(e) 



(4.11) 
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+ 




Figure 4: Two giant gravitons of different radii, connected by "strings". In the limit that 
the radii are equal and the giant gravitons become coincident, the gauge symmetry of the 
worldvolume theory is enhanced. 

have their boundary conditions fixed at infinity, and any small perturbation of their junction 
increases the length of the string and hence the energy. 

Given a total light-cone momentum p"*", one may distribute it among some number of 
giant gravitons, that is a configuration of concentric giant gravitons. One may wonder 
whether in the limit when two of these giant gravitons become coincident, analogously to 
the case of D-branes, one should expect enhancement of the U{1) gauge symmetry to U{2). 
That is possible if the unstable spikes (strings) depicted in Figure IH become massless in the 
coincident limit, a fact which is confirmed by our energy analysis. The decay rate of these 
spikes depends on Qeff as well as the difference in the radii of the two giant gravitons. Based 
on energy arguments we expect it to be proportional to ^/g^ as well as the difference of 
inverse radii squared of the two giant gravitons. 
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4.3 Super symmetry 



The spin connection one-forms on the three-sphere can be deduced from the metric ()4.2|1 

^ _ ^ Q^^ = ~ cos 9d(f) , = cos ^ sin 9d(f) , (4.12) 

and the supersymmetry variation of the gaugino for the abehan theory is 123 

SeX = (If^.T'^'' - (9^$™)!"^!^ - hmT"'T'^V^)e. (4.13) 

The derivatives on the fields are not gauge covariant since these fields transform in the adjoint 
of U{1), and hence are neutral. Also, = <9^ + j^l^'^ab, is the covariant derivative with the 
spin connection fi^^.^ Solutions e in a given background, for which this variation vanishes, 
are the Killing spinors, and the number of such solutions gives the amount of supersymmetry 
preserved by the background. For the solutions we are considering, the deformation of the 
sphere is independent of the angular directions along an of the S^, and preserves an SU{2) 
symmetry of the 50(4) invariant vacuum. 

We make use of the solution for the electric field in terms of the scalar potential, where 

Fo^ = -d^k{ilj) = , (4.14) 

sm ip 

and <|)™r™ = (^{il))T'^ with r designating the radial direction in the transverse directions, 
and with $ = The Killing spinor equation for this background is |^ 

V^6 = lrV, (4.15) 

and the square of the Killing spinors are the Killing vectors. The Killing spinor equation 
()4.15j) has the maximal number of solutions pB| • For these Killing spinors, the condition for 
supersymmetry ()4.13|) reduces to^° 

Q 



rO + r)e' = 0, (4.16) 



sin ip 
with e' = F'^e, and 

r = cost/^F'^ + sinV^F'^ 

is a rotated Dirac matrix of unit norm, i.e. (F'')^ = 1. This implies that half the super- 
symmetries of the background plane-wave remain unbroken by the presence of the D-brane, 

^Note that the indices a, b are with respect to the orthonormal tangent frame, while v are curved indices 
on the worldvolumc and m ranges over the six 50(6) components. 

^"With our metric conventions, (T^Y = with the other Dirac matrices squaring to one. 
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and the dipole configuration of the giant graviton state with the two spikes piercing it is 1/2 
BPS, i.e. it preserves eight supercharges. 



The V matrix at ^/^ = is F^' and hence the super symmetry condition ()4.16|) is essentially 
that of the usual Blon [18^ with, say a positive charge. At ip = vr, however, = —T^ 
reducing ()4.1(j|l to a usual Blon with negative charge and the term proportional to $ in 
()4.13p makes it possible to have a smooth supersymmetric transition form a positive charge 
to a negative charge. 

There also exists a solution of the quadratic Hamiltonian for which $ = — but with 
the gauge field configuration unchanged. The condition for the existence of supersymmetry 
for this configuration is 



which differs from ()4.16|) by the relative sign between the time-like and radial Dirac matrices, 
but preserves precisely the same amount of supersymmetry as the original configuration, and 
is also 1/2 BPS. One should note that being BPS does not necessarily guarantee the stability 
of the solution, particularly when the interaction terms in the light-cone Hamiltonian are 
taken into account. 

5 Outlook and future directions 

In this paper we have analyzed some aspects of the worldvolume theory of giant gravitons 
on the plane-wave background. Working out the spectrum of small fluctuations of the giant 
three-sphere, we argued that they fall into (short) multiplets of the PSU{2\2) x PSU{2\2) x 
f/(l) algebra. One of the interesting features of the three-brane light-cone Hamiltonian ()2.14|) 
is the natural appearance of Nambu brackets ()2.1fij) . In this point of view "quantization" of 
Nambu bracket ()2.16p would provide us with a natural quantization of the theory living on 
the giant graviton. In the membrane case the corresponding Nambu bracket is essentially a 
Poisson bracket and its quantization is possible by replacing the bracket with Matrix com- 
mutators [HIT . This quantization of Possion brackets from the membrane point of view can 
be regarded as discretization of the worldvolume, which also leads to the "noncommutative" 

^^In principle the statement that BPS configurations are protected should be taken with a grain of salt. 
It is possible that some multiplets which are BPS at a given value of coupling combine into a long (ordinary 
non-BPS) multiplet and receive corrections. For explicit examples and more detailed discussion on this point 
see E2. 




(4.17) 
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(non-Abelian) structure of the BFSS matrix model. In the same trend quantization of the 
three-sphere giant graviton theory may provide us with an answer to the puzzle of finding 
a holographic description of type IIB string theory on the plane-wave background, which 
supposedly is a Matrix theory [HI] (for a summary of discussions on the matter see section 

IX of [in]). 

As another aspect of the gauge theory living on giant gravitons, we studied static config- 
urations which source the gauge fields and also the scalar fields. The basic building blocks of 
such objects are dipole configurations with the largest possible dipole moment being propor- 
tional to the size of the giant graviton. We argued that the BPS dipole configurations, from 
the bulk viewpoint, can be understood as open strings ending on the giant graviton. These 
are open strings with their two ends on the north and south pole of the three-sphere. It is 
evident from our construction that these open strings satisfy Dirichlet boundary conditions 
in the directions transverse to the brane, a natural expectation generalizing Polchinski's D- 
brane picture [57]. We also argued that it is possible to have dipole configurations with the 
spike going inside the three-sphere. These states are responsible for enhancing the gauge 
symmetry when two concentric giant gravitons become coincident. 

As we discussed, since at finite Qeff the size of the throat of the spikes is finite, one would 
physically expect to have an upper limit on the highest multiple moment. In other words 
there is a minimum area which can be probed using these open strings and also there is a 
minimum size dipole moment. This suggests that the fuzzy three sphere [22] is the right 
description of the quantized giant graviton 31 . A description of multiple coincident giant 
gravitons in terms of a non-commutative three-sphere defined as a Hopf fibration over a 
fuzzy two-sphere is given in jSHj- 

As a direct generalization of our giant hedge-hog configurations one can consider circular 
D-strings in the AdSs x background (or the corresponding Penrose limit [34J). In that 
case, however, we expect that similar to the flat D-string case |j35j , the spike touches the giant 
circle to form a "string junction". This leads to a pair of three string junctions, two of the 
legs of each are connected and make a deformed half circle. This construction can then be 
generalized to junctions of {p, q) strings and string networks (SEl in plane-wave backgrounds 
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Appendix: SO{4:) Harmonics in terms of usual l/^'s 



The Laplacian on the three-sphere in the coordinate system we have adopted is 

V% = -^d^ (sin^ tpd^) + -^V|2 , (A.l) 
sm ip sm ip 

where V|2 = -^^de (smOde) + -^^d"^. One may use ()A.1|) to write S'0(4) harmonics in terms 
of the 5*0(3) yjm's. Exphcitly, let us consider the (source free) equation of motion for the 
Coulomb potential A: 

V|3A(7A,^,0) = O. (A.2) 
Separating variables as A^ip, 9, 0) = Ai{ip)Yim{0, 0), ()A.2|) can be cast in the form 

^ -d^ (sin' ijAi) - -^/(/ + 1)A; = . (A.3) 



sin' ip ^ ^ sin"' ip 

After the change of variable u = cot ip, ()A.3|) takes the form 

(1 + m')A;'-/(/ + 1)A, = , (A.4) 

where A' = ^A. For I = 0, ()A.4|1 is simply solved by Aq = m = cottjj (the solution we have 
already discussed as the dipole ()4.5|) ). and for / = 1, Ai = 1 + u' = 1/ sin'?/'. For general /, 
()A.4|) can be solved using a series expansion for Ai{u) 

i+i 

Aiiu) =^aku'', 

k=0 

where a^+i = 1, a/ = and 

(k+ l)(k + 2) 

Similarly, solutions to the equation for the scalar field, namely V|3$ — $ = can be 
decomposed as 

$ = $KV^)^m(^,0). 
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Taking v = 1/ sinV' and ^$ = then 

v'^{v'^ - 1)$;' + - + + 1]$; = . (A.5) 

For the / = case, as we discussed in ()4.8p . the solution is $;=o = "^^j and for general /, as in 
the previous case, ()A.5|) may be solved using Taylor expansion techniques, inserting 

i+i 

into the equation. It turns out that ()A.5|1 has only solutions for even I with = 0, = 1, 
and 2 

The fact that (jA.5j) has (polynomial) solutions only for even / can physically be understood 
by noting that the source term for the scalars is a sum of delta-functions (whereas that of 
the Coulomb potential is an alternating sum, so that the total net charge is zero). 

Finally, we would like to mention that in our expansions the 2'+^-poles of 5*0(4) are 
related to Yim (i.e. 2'-pole of 5*0(3)). For example, our "dipole" configurations correspond 
to the / = case. Also note that the dipole configuration can be thought of as a Dirac string 
on the sphere where ip = corresponds to the monopole and ip = n corresponds to the end 
of the Dirac string tail, which in the flat space language is at infinity. 
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